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Abstract—In the field of adaptive fuzzy control, there
has been a severe deficiency by assuming the premise
variables will usually stay within the universe of dis-
course in the derivation of stability of the adaptive
control system. To overcome this deficiency, we develop
a switching adaptive control scheme using only essential
qualitative information of the plant to attain asymptotical
stability of the adaptive control system for a typical nth-
order nonlinear system without imposing the mentioned
severe assumption. The switching adaptive control system
consists of an adaptive VSS controller for coarse control,
an adaptive fuzzy controller for fine control, and a
hysteresis switching mechanism. An adaptive VSS control
scheme is proposed to force the state to enter the universe
of discourse in finite time. While the premise variable is
within the universe of discourse, an adaptive fuzzy control
is proposed to learn the capability to stabilize the plant.
At the boundary of the universe of discourse, a hysteresis
switching scheme between the two controllers will be
proposed. We show that after finite times of switching, the
premise variables of the fuzzy system will remain within
the universe of discourse and stability of the closed-loop
system can be attained.

Index Terms: Adaptive fuzzy control, adaptive VSS
control, switching adaptive control, T-S fuzzy model

|. INTRODUCTION

Recently, fuzzy adaptive control has become a popu-
lar method for nonlinear adaptive control. However, in
most of the related literature [1]-[14], it is assumed that
the trajectories of the premise variables are located in
the universe of discourse of the fuzzy systems so that
the universal approximation property can be invoked
in the analysis of system behavior to guarantee system
stability. This assumption is infeasible in an adaptive
control system since the system must pass through a
learning period in which the system behavior can not
be known in advance. To attack the above mentioned
problem, the so called semi-global stability is induced
in the field of adaptive fuzzy control. Typically with
the semi-global stability as done in [15], the universe
of discourse depends on unknown system parameters
and the initial states. One deficiency is that we can not
explicitly define the universe of discourse in advance
S0 as to ensure the premise variables will remain in
the corresponding universes of discourse.

To attack the problem mentioned in the previous
paragraph, we shall develop a switching adaptive con-

trol scheme to attain stability of the adaptive control
system for a typical nth-order integral-chain nonlinear
system. We shall only make some essential qualitative
assumptions of the plant, instead of requiring some
quantitative information of the plant, to construct an
adaptive controller. The proposed switching adaptive
control system consists of an adaptive VSS controller
for coarse control, an adaptive fuzzy controller for
fine control, and a hysteresis switching mechanism
for switching of the previous two controllers. The
adaptive VSS controller is used to force the premise
variable to enter the universe of discourse in finite
time. While the premise variable is kept within the
universe of discourse, the adaptive fuzzy controller will
tune its parameters and gradually learn the capability
to stabilize the plant. However, during the learning
period of the adaptive fuzzy controller, infinite switch-
ing between the above two control algorithms may
happen at the boundary of the universe of discourse.
Therefore, at the boundary of the universe of discourse,
a hysteresis switching scheme between the adaptive
VSS control law and the adaptive fuzzy control law
will be proposed. We shall show that after finite times
of switching, the premise variable of the fuzzy system
will remain in the universe of discourse and stability
of the adaptive control system will be attained.

The remainder of this work is organized as fol-
lows. The problem to be attacked and the hysteresis
switching adaptive control scheme are described in
Section Il. The adaptive VSS controller is proposed
and analyzed in Section IIl. Then, an adaptive fuzzy
control is presented in Section IV. Analysis of the
switching control system is made in Section V. Finally,
conclusions and discussions are given in Section VI.
Due to space constraint, all the proofs of the derived
lemmas and theorems will be omitted.

Il. PROBLEM FORMULATION OF THE HYSTERESIS
SWITCHING ADAPTIVE CONTROL

A. Plant Model and Assumptions
In this study, we consider the n—th order plant

2= Az+ B(f(2) +a) 1)



where
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where f(z) is an unknown scalar nonlinear function of
the state vector

z:[zl Zn, }TER”

and @ € R' is the system input. Note that even if the
dynamics of state z,, () defined in (1) is asymptotically
stable, the state, z;(¢) for i = 2,... n, defined as the
integral of z;1(t) for ¢ = 1,...,n — 1, respectively,
may not be asymptotically stable. To overcome this de-
ficiency, a coordinate transformation will be considered
and a controller for the plant in (1) is chosen as

u=u+ Kz 2

where K = [ k kn | € RY™™ is a gain
matrix and w« is an adaptive control law to be specified
later. Using the above proposed controller structure, the
closed-loop system becomes

5= Az + BIf(z) +ul 3)
where
0 1 O 0
0 0 1 0
Ac=A+BK=| : 1 0
o o o0 --- 1
ki ko ks -+ Kk,

Since the pair (A, B) is controllable, the gain matrix
K can be selected so that the eigenvalues of matrix
A, can be arbitrarily assigned. By specifying a set of
distinct stable real eigenvalues {1, };-, of matrix A., a
real matrix K can be determined by using Ackerman’s
formula [16].

Lemma 1: There exists a coordinate transformation
matrix V' as defined later in the proof such that under
the coordinate transformation z = Vz, the dynamic
system in (1) can be transformed into

&= Az + B[f(z) +u] @)
where f (z) = f(z)|z:\7x’
B=V 'B=B, ()

and A = V1A,V is an upper triangular matrix for
which

w1 0 0
0 py 1 0

A= : : (6)
0 0 0 p,, 1

[ |

Denote the new state vector = as z =
[z z, | € R" From Lemma 1, it is
obvious that if the state x,,(¢) is asymptotically stable
by applying an appropriate control law wu, then the re-
maining states x5 (¢), ..., x,(t) will be asymptotically
stable. Owing to this advantage, design and analysis of
the adaptive control system with respect to (1) can be
simpler than that with respect to (3).

In this study, a hysteresis switching scheme between
the adaptive VSS control law and the adaptive fuzzy
control law will be proposed. Let 2, with 0 € 2, be
the universe of discourse of the fuzzy system used to
define the adaptive fuzzy control law. For the nonlinear
function f (z), we make the following assumptions.

Assumption 1: Assume that f(x) is a continuous
function on R™ and f(0) = 0. [

Assumption 2: There is an upper bound (x) of
f(z) satisfying

[F@)] < ei(a) = (), fora ¢ Q. (7)

=1
where {c}}!" , is a set of unknown positive parameters
and {¢,(z)}.", is a set of known functions with
¥,;(x) > 0. Without loss of generality, it is assumed
that ¢, (z) =1 and ¢,(0)=0fori=2,....,m. W

B. Problem Formulation

In this study, we shall consider the case that the
structure of the nonlinear function f(z) is unknown
and a fuzzy approximator F'(z|f) will be used to
approximate an ideal stabilizing controller in the uni-
verse of discourse €, as Q, = {xs € R||zs| < 1}.
Basically, when the state trajectory xz(¢) is outside
the universe of discourse 2., by utilizing the struc-
ture information of f(z) given in (7) in Assumption
2, we shall develop an adaptive VSS control law
uyss(t) to force the state trajectory entering €2,. On
the other hand, if the state trajectory x(t¢) is staying
within Q,, an adaptive fuzzy control law .., (t)
will be applied to further ensure that the system will
be ultimately asymptotically stable. Since switching
between these two control laws with infinite frequency
at the boundary of the region Q, may happen, we
shall use a hysteresis switching control as described
in the following to avoid this problem. Let h, with
0 < h < 1, be the size of the hysteresis zone
defined as € = {x2 € R|1 —h <|z2| <1}. The
hysteresis switching control structure, as shown in Fig.
1, is described as follows. At ¢t = 0, the control effort

is defined as
o UVss(O), if |:132(0)| >1—~h
u(0) —{ Wy (0), if Jea(0) <1—n @

For ¢t > 0, while z(¢) is outside the hysteresis zone
Qp, the control input w(t) is defined as

u(t):{ if o (t)] > 1

n (t),
b 0 lm@ <1 ©

Ufuzzy(t),



and on the contrary, while z(t) € Qp, u(t) is defined

as
_J uvss(t), ifu(to) =uyss(t-)
ult) = { Upnomg(B), i u(t_) = ey (t)

We note that while applying the adaptive VSS control
law uy gg, the tuning parameters in the adaptive fuzzy
control will be kept invariant. On the other hand, while
applying the adaptive fuzzy control law wy,..,, the
tuning parameters in the adaptive VSS control will be
frozen.

The problem to be attacked is formulated as follows.
Based on the mentioned switching mechanism, for the
plant in (4) under Assumption 1 and Assumption 2,
we shall construct an adaptive VSS controller and an
adaptive fuzzy controller so that the tuning parameters
in the two adaptive controllers are bounded and z(t) —
0ast— oo.

(10)

I11. DESIGN AND ANALYSIS OF THE ADAPTIVE VSS

CONTROL

In this section, an adaptive VSS controller will be
proposed for the plant in (4) such that boundedness of
the tuning parameters and asymptotical stability of the
states will be ensured. First, we represent the uncertain
function «(z) in (7) as a linear regression form given
by

b(z) = ¢" ()0

where
o(@) = [(2) va(x) Up(@) ]"
00 = [ g ool
Meanwhile, partition the closed-loop dynamics in (4)
as
T A A T B
PR A EE

where 7 = [ 24 Ty ]T e R(n=1)x1,
Lemma 2: Since the pair (A, B) in (4) is control-
lable, so is the pair (A1, A12). [ ]
To design the adaptive VSS control law, we need to
construct ¢; which are the estimates of ¢} and construct
an estimate of the uncertain function () as

d) = ¢ (2)0.

b = [&1 & 1"

Cm

Then the difference between ¢ (x) and () can be
expressed as

d(z) = () = ¢" (2)0,

where the parametric error vector 0. is defined as

(11)
0.=0.—0"
Now define a sliding surface as

s(x) =0

where
s(z) = CZ + x,,C € RV~

Note that by Lemma 2, since (A;1, 412) is a control-
lable pair, the gain matrix C' can be chosen such that
A1 — A12C is a Hurwitz matrix and there exists a
unique positive matrix P such that

(A1 — ApC) ' P+ P (A — ApC) =—-Q (12)

for any positive matrix Q € R~ Dx(»=1) [17].
For the plant in (4), the parameter tuning law and
the proposed adaptive VSS controller are proposed as

u = - (A,{Q? + CAll) T — (CA12 + /Ln) In

— [9(@) + | sign(s) (14)

where 7 is a positive number, I'; is a positive definite
matrix with

vy O 0
I, = 0 v O : ,
0 .0
0 0 T
and the sign function sign(s) is defined as
1, ifs>0
sign(s) =< 0, ifs=0
-1, ifs<0

The tuning laws in (13) of the parameters ¢&;(t) for
1 <i < m are given by

éi =7, |s|¥;(z) (15)

The sliding condition for an adaptive VSS control
system is defined as

s(t)s(t) < 0if s(t) #0

for all t > ¢ty + T’ where T” is a finite positive
number. Recall that the adaptive VSS control system
will operate under the sliding mode if there is a finite
time T with T' > T such that for ¢ > ¢q + T,

(16)

s(t) = 0,
5(t) = 0.
While the adaptive VSS control system is not oper-

ating under the sliding mode, the closed-loop dynamics
can be expressed as

t = Ax+ B [—CAHf — (CA12 + Mn) xn]
+B | f(z) — APz — (x)sign(s)| (17)
0. = |s|T1o(x) (18)

On the other hand, if the adaptive VSS control system
is operating under the sliding mode since a finite time



to+ T, the closed-loop dynamics can be derived from
the condition s(t) = 0 as

f = (A11 — Algc) J_S’,l’n =-Cz
b. = 0

(19)
(20)

for ¢t > to + T and the equivalent control u., under
the sliding mode can be derived from the condition
5(t)=0as

Ueq = —C (Anf + AlZzn) - (.U’nz" + f(fE))

Lemma 3: Let g(¢) be a uniformly continuous func-
tion on [to, oo) with g(¢) > 0. Suppose that

/ g(t)dt < oo

to

Then, (i) g(¢) is uniformly bounded on [ty, o), and
(i) lim; o, g(t) = 0. |

_Lemma 4: [15] If V/(¢,z) is positive definite and
V < —k1V +ko where k1 > 0 and ko > 0 are bounded
constants, then

ks

V(t,z) < =+ (V(0) "

)e—k1t

for all ¢. Also it is obvious that

ko

lim V(t,z) < —=

Am V@) < o

[ |

Lemma 5: Consider a positive definite function V,

defined as

1ope 1, 157 s
Vo= 33"Pi+58% + §efr;190. 1)

2
Assume that V, is differentiable on [to, 00) and Z(t)
is uniformly continuous on [, c0). If the following
inequality

V, < —%ET@E (22)
holds over [tg, 00), then it follows that
tlirglo z(t) =0.
]

Theorem 1: Consider the plant in (4) and the VSS
controller in (13)-(14). Foreach i withi =1,2,...,m,
the tuning parameter ¢;(t) is a non-decreasing function
of ¢ with

t—o0

where ¢;(o0) is a finite positive value and

tlggox(t) =0.
Moreover, there is a finite time 77 such that the
adaptive VSS control system operates under the sliding
mode for ¢ > to+ 17 so that the tuning parameter vec-
tor 6.(t) will be kept invariant and (t) exponentially
converges to the origin for ¢t > tg + 17. |

IV. DESIGN OF THE ADAPTIVE FUZZY CONTROL

For the plant in (4), the nonlinear function f(z) only
appears in the dynamics of x,,(¢). Moreover, if z,(t)
converges to zero, thenso do z;(t) for i = 2,...,n.
Therefore, it is sufficient to construct a fuzzy system
with the premise variable being z2(¢). The universe of
discourse 2, of the fuzzy system is defined as

Qy ={z € R"||z,| <1}.

The rule base of the T-S fuzzy system is defined as:
for1<I<L,

Rule [ : If z,, is F}, then y = 0.

where Fj is the fuzzy set with membership function
1r, (z,,) and 0; is the value specified in the antecedent
part of the [—th rule. The number L, which is the total
number of rules, will be chosen as an odd number.
A typical case for which z,, possesses five fuzzy sets
is shown in Fig. 2. The set of IF-THEN rules will
be complete, consistent, and continuous [18]. In this
study, we shall use the triangular membership function
for the fuzzy sets. For further analysis, denote A; be
the support of the membership function pz (z,,) for
1<:<1L, e,

Ai={zeQ, ‘MF,(@”n) >0}

Based on the above rule base, the fuzzy system can
be expressed as

F(x,,0) =" (x,)0 (23)
where
0 = [b1,...00]",
flan) = Luln)
;uﬂ(wn)
Ewn) = [G(mn) @) @4

Since the triangular membership functions are adopted
as shown in Fig. 2, we can observe that

L
Z pop, (@n) =1
=1

and thus (24) is reduced to

E(@n) = (g, (@n)s oo i, (z0)] T (25)

Using the fuzzy approximator F'(x,,6) in (23), an
adaptive fuzzy controller for the plant in (4) is chosen
as
*gT(zn)é

(26)
(27)

Ufuzzy —

where 6(0) = 0.



V. ANALYSIS OF SWITCHING BEHAVIOR

Based on the adaptive VSS controller in (13)-(14)
and the adaptive fuzzy controller in (26)-(27), we shall
study the proposed hysteresis switching robust adaptive
control defined as in (9) and (10). According to the
tuning law of @ defined in (26) and the definition of
the vector £(z) in (25), some further properties of ¢
can be discovered.

Lemma 6: (i) If 4; c [0,1], then 6;(t) > 0 and
0;(t) is a monotone increasing function of ¢. On the
other hand, if A; C [—1,0], then 8;(¢) < 0 and 6;(t)
is a monotone decreasing function of ¢. (ii) If z(t) €
[1—h, 1], then 8" (£)€(, (1)) > 0. On the other hand,
if 2(t) € [~1, (1 — h)], then 8 ()€(wn(t)) < 0. W

Lemma 7: Assume that the adaptive fuzzy con-
troller is applied at t = ¢;. Then, it is impossible that
the adaptive fuzzy controller is kept applied for all
t >ty such that {z(¢) |t > t1 } C Q.

In the following, we shall focus on discussing
switching behavior of the switching adaptive control
system at the boundaries of the hysteresis zone €.
For further analysis, we shall need some definitions.
First, due to Theorem 1 and Lemma 7, the following
definition is well-posed.

Definition 1: We say that a switching cycle at the
positive boundary x, = 1 — h happens within the
interval [t1,to] if there is a time instants ¢} and
t1 € (t1,%2) such that (i) the adaptive fuzzy controller
is applied for ¢ € [t1, %] with x,,(t1) = 1 — h, (ii) the
adaptive VSS controller is applied within the interval
(t1,t2) with z,(t;) = 1 and z,(¢2) = 1 — h, and the
adaptive fuzzy control law is again applied after t = ¢5.
Along the same way, a switching cycle at the negative
boundary x,, = — (1 — h) can be defined. [ |

Definition 2: We say that a continuous switching
of N times at the positive boundary =z, = 1 — h
happens since ¢ = ¢; if there is a set of finite time
instants {tiﬂ}i]\;l such that a switching cycle at the
positive boundary x, = 1 — h happens within the
interval [t;,¢;41] for 1 < ¢ < N. Similarly, a con-
tinuous switching of NV times at the negative boundary
xn, = — (1 — h) can be defined. Moreover, if N — oo,
we shall say a continuous switching of infinite times
at the positive boundary = = 1 — h (or at the negative
boundary x,, = — (1 — h)) happens since t =¢;. W

Definition 3: We say that there is no switching at
the boundary z,, = 1 — h (or at the boundary z,, =
—(1—h)) happened since ¢ = ¢; if (i) the adaptive VSS
control is applied in (tg,t1) for some to < ¢4, (ii) the
adaptive fuzzy control law is applied after ¢ = ¢, and
(iii) there is not a switching at the boundary z,, = 1—h
(or at the boundary x,, = —(1 — h)) happens at ¢t = ¢}
fro any ¢} > t;. [ ]

Definition 4: We say that there is no switching at
the boundary xz,, = 1 — h (or at the boundary z,, =
—(1—h)) happened since ¢ = ¢; if (i) the adaptive VSS
control is applied in (¢g,t;) for some ty < ¢4, (ii) the

adaptive fuzzy control law is applied after ¢ = ¢, and
(i) there does not exist a finite time instant ¢, such that
a switching cycle at the positive boundary x,, =1—h
(or at the negative boundary x,, = —(1 — h)) happens
within the interval [t, 5] [ |
Lemma 8: It is impossible that a continuous switch-
ing of infinite times at the positive boundary z,, = 1—h
or at the negative boundary z,, = — (1 — h) happens
since a finite time ¢t = ¢;. [ |
Lemma 9: It is impossible that a switching at the
positive boundary x = 1 — h (or at the negative
boundary z,, = —(1 — h)) happens infinite times since
any finite time ¢t = ¢;. |
Lemma 10: For the proposed switching adaptive

control system, we have
(i) there is a finite time ¢4, such that z(¢) € Q, and
the adaptive fuzzy control is used for ¢t > ty,

and

(ii) the tuning parameters ¢é;(¢t) for i =1,...,m in
the adaptive VSS control are uniformly bounded
for ¢ € [0, 00). [ |

Convergence analysis of the switching adaptive con-
trol system is concluded in the following theorem.
Theorem 2: For the proposed switching adaptive
control system, we have
tlim x,(t) = 0.
and 0(t) is uniformly bounded over [0, o0). Moreover,
due the the special plant structure in (4), it follows that

tlimz,—(t):()fori:l,...,n—l.

V1. CONCLUSION AND DISCUSSION

In the field of adaptive fuzzy control, there has been
a severe deficiency by assuming the premise variables
will usually stay within the universe of discourse in
derivation of stability of the adaptive control system.
To overcome this deficiency, we have developed a
switching adaptive control scheme to attain asymp-
totical stability of the adaptive control system for
a typical nth-order integral-chain nonlinear system
without imposing the mentioned severe assumption.
We only make some essential qualitative assumptions
of the plant, instead of requiring quantitative informa-
tion of the plant, to construct an adaptive controller.
The switching adaptive control system consists of an
adaptive VSS controller for coarse control, an adap-
tive fuzzy controller for fine control, and a hystere-
sis switching mechanism. An adaptive VSS control
scheme is proposed to force the state to enter the
universe of discourse €2, in finite time. The proposed
adaptive VSS controller has a strong capability to
drive the system trajectory within €., however, at
the expense of high control signal. While the premise
variable is kept within €., an adaptive fuzzy control
will be proposed to learning the capability to stabilize
the plant under control. We may say the adaptive fuzzy
control is performed at the fine control stage since



the control signal is usually smaller than that of the
adaptive VSS control law.

At the boundary of €, a hysteresis switching
scheme between the adaptive VSS control law and the
adaptive fuzzy control law will be proposed. The first
advantage of using a hysteresis switching mechanism
is to avoid switching of infinite frequency in the control
input w(¢). The second one is that there is at least a
fixed learning time interval for the the adaptive fuzzy
control law when each switching happened. Since the
adaptive fuzzy control law has the ability to enhance
the system stability with at least a fix amount for
each switching period, with switching of finite times
in the hysteresis zone, the adaptive fuzzy control law
will ultimately gain the capability to evade persistent
switching in the hysteresis zone. We have shown that
after some finite time, the premise variables of the
fuzzy system are within the universe of discourse €2,
without any control law switching. Then, asymptotical
stability of the system states and boundedness of the
tuning parameters can be ensured.
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